Abstract. FAUST 2 is a software tool that generates formal abstractions of (possibly non-deterministic) discrete-time Markov processes (dtMP) defined over uncountable (continuous) state spaces. A dtMP model (Sec. 1) is specified in MATLAB and abstracted as a finite-state Markov chain or Markov decision processes. The abstraction procedure (Sec. 2) runs in MATLAB and employs parallel computations and fast manipulations based on vector calculus. The abstract model is formally put in relationship with the concrete dtMP via a user-defined maximum threshold on the approximation error introduced by the abstraction procedure. FAUST 2 allows exporting the abstract model to well-known probabilistic model checkers, such as PRISM or MRMC (Sec. 4). Alternatively, it can handle internally the computation of PCTL properties (e.g. safety or reach-avoid) over the abstract model, and refine the outcomes over the concrete dtMP via a quantified error that depends on the abstraction procedure and the given formula (Sec. 3). The toolbox is available at http://sourceforge.net/projects/faust2/ 1 Models: discrete-time Markov processes
Models: discrete-time Markov processes
We consider a discrete-time Markov process (dtMP) s(k), k ∈ N ∪ {0} defined over a general state space, such as a finite-dimensional Euclidean domain [1] or a hybrid state space [2] . The model is denoted by the pair S = (S, T s ). S is a continuous (uncountable) but bounded state space, e.g. S ⊂ R n , n < ∞. We denote by B(S) the associated sigma algebra and refer the reader to [2, 3] for details on measurability and topological considerations. The conditional stochastic kernel T s : B(S) × S → [0, 1] assigns to each point s ∈ S a probability measure T s (·|s), so that for any set A ∈ B(S), k ∈ N ∪ {0}, P(s(k + 1) ∈ A|s(k) = s) = A T s (dx|s). (Please refer to code or case study for a modelling example.)
Implementation: The user interaction with FAUST 2 is enhanced by a Graphical User Interface. A dtMP model is fed into FAUST 2 as follows. Select the Formula free option in the box Problem selection 1 in Figure 1 , and enter the bounds on the state space S as a n × 2 matrix in the prompt Domain in box 8 . Alternatively if the user presses the button Select 8 , a pop-up window prompts the user to enter the lower and upper values of the box-shaped bounds of the state space. The transition kernel T s can be specified by the user (select User-defined 2 ) in an m-file, entered in the text-box Name of kernel function, or loaded by pressing the button Search for file 7 . Please open the files ./Templates/SymbolicKernel.m for a template and ExampleKernel.m for an instance of kernel T s . As a special case, the class of affine dynamical systems with additive Gaussian noise is described by the difference equation s(k + 1) = As(k) + B + η(k), where η(·) ∼ N (0, Sigma). (Refer to the Case Study on how to express the difference equation as a stochastic kernel.) For this common instance, the user can select the option Linear Gaussian model in the box Kernel distribution 2 , and input properly-sized matrices A,B,Sigma in the MATLAB workspace. FAUST 2 also handles Gaussian dynamical models s(k + 1) = f (s(k)) + g(s(k))η(k) with nonlinear drift and variance: select the bottom option in box 2 and enter the symbolic function [f g] via box 7 . The software also handles models with non-determinism [4] : a controlled dtMP is a tuple S = (S, U, T s ), where S is as before, U is a continuous control space (e.g. a bounded set in R m ), and T s is a Borel-measurable stochastic kernel T s : B(S) × S × U → [0, 1], which assigns to any state s ∈ S and input u ∈ U a probability measure T s (·|s, u).
Implementation: In order to specify a non-deterministic model in FAUST 2 , tick the relevant check Controlled/non-deterministic model 3 , and enter the bounds on the space U as a m × 2 matrix in the window Input set 8 .
Formal finite-state abstractions of dtMP models
This section discusses the basic procedure to approximate a dtMP S = (S, T s ) as a finite-state Markov chain (MC) P = (P, T p ), as implemented in FAUST 2 . P = {z 1 , z 2 , . . . , z p } is a finite set of abstract states of cardinality p, and T p : P × P → [0, 1] is a transition probability matrix over the finite space P: T p (z, z ) characterizes the probability of transitioning from state z to state z . Algorithm 1 describes the abstraction of model S as a finite-state MC P [5] . In Algorithm 1, Ξ : P → 2 S represents a set-valued map that associates to any point z i ∈ P the corresponding partition set A i ⊆ S, whereas the map ξ : 2 S → P relates any point s or set in S to the corresponding discrete state in P.
Algorithm 1 Abstraction of dtMP S by MC P
Require: input dtMP S = (S, Ts) 1: Select a finite partition of the state space
Ai (Ai are non-overlapping) 2: For each Ai, select an arbitrary representative point zi ∈ Ai, {zi} = ξ(Ai) 3: Define P = {zi, i = 1, ..., p} as the finite state space of the MC P 4: Compute the transition probability matrix Tp(z, z ) = Ts(Ξ(z )|z) for all z, z ∈ P Ensure: output MC P = (P, Tp)
Consider the representation of the kernel T s by its density function t s : S × S → R ≥0 , namely T s (ds |s) = t s (s |s)ds for any s, s ∈ S. The abstraction error over the next-step probability distribution introduced by Algorithm 1 depends on the regularity of function t s : assuming that t s is Lipschitz continuous, namely that there is a finite positive constant h s such that
then the next-step error is E = h s δ s L (S), where δ s is the max diameter of the state-space partition sets and L (S) is the volume of the state space [5] . When interested in working over a finite, N -step time horizon, the error results in the quantity EN . Notice that the error can be reduced via δ s by considering a finer partition, which on the other hand results in a MC P with a larger state space. Implementation: FAUST 2 enables the user to enter the time horizon N of interest (box Number of time steps 5 ), and a threshold on the maximum allowed error (box Desired abstraction error 5 ). The software generates a Markov chain with the desired accuracy by pressing the button Generate the abstraction 6 . Among other messages, the user is prompted with an estimated running time, which is based on an over-approximation of the Lipschitz constant of the kernel, on a uniform partitioning of the space S 3 , and on the availability of parallelization procedures in MATLAB, and is asked whether to proceed.
In the case of a non-deterministic dtMP, the input space is also partitioned as U = ∪ q i=1 U i , and arbitrary points u i ∈ U i are selected. The dtMP S is abstracted as a Markov decision process (MDP) P = (P, U p , T p ), where now the finite input space is U p = {u 1 , u 2 , . . . , u q }, and T p (u, z, z ) = T s (Ξ(z )|z, u) for all z, z ∈ P, u ∈ U p . The abstraction error can be formally quantified as
, where δ u is the max diameter of the input-space partitions and h u is the Lipschitz constant of the density function with respect to the inputs, that is |t s (s|s, u) − t s (s|s, u )| ≤ h u u − u , ∀u, u ∈ U, s,s ∈ S.
Implementation: The user may tick the check in 3 to indicate that the dtMP is controlled (non-deterministic), specify a box-shaped domain for the input in box Input set 8 , enter a time horizon in box Number of time steps 5 , and require an error threshold in box Desired abstraction error 5 . FAUST 2 automatically generates an MDP according to the relevant formula on the error.
Notice that the quantification of the abstraction error requires state and input spaces to be bounded. In case of an unbounded state space, the user should truncate it to a bounded, box-shaped domain: selecting the Formula free option in the box Problem selection 1 , the domain is prompted in box Domain 8 . Algorithm 1 is automatically adjusted by assigning an absorbing abstract state to the truncated part of the state space. For details please see [6, 7] .
The states of the abstract model P may be labeled. The state labeling map L : P → Σ, where Σ is a finite alphabet, is defined by a set of linear inequalities: for any α ∈ Σ the user characterises the set of states L −1 (α) as the intersection of half-planes (say, as a box or a simplex): the software automatically determines all points z ∈ P belonging to set L −1 (α). The obtained labeled finite-state model can be automatically exported to well-known model checkers, such as PRISM and MRMC [8, 9] , for further analysis. In view of the discussed error bounds, the outcomes of the model checking procedures over the abstract model P may be refined over the concrete dtMP S -more details can be found in [5, 6] .
Implementation: Labels are introduced in FAUST 2 as follows: suppose that the intersection of half-planes A α z ≤ B α (where A α , B α are properly-sized matrices) tags states z by label α ∈ Σ. The user may add such a label by pressing button Add 10 and subsequently entering symbol α and matrices A α , B α in the pop-up window. The user can also edit or remove any previously defined label using buttons Edit, Remove in 10 , respectively. The button States with selected label 10 shows the sets associated to the active label over the plot in 13 .
The user may click the buttons in 11 to export the abstracted model to PRISM or to MRMC. Alternatively, FAUST 2 is designed to automatically check or optimize over (quantitative, non-nested) PCTL properties, without relying on external model checkers: Section 3 elaborates on this capability.
3 Formula-dependent abstractions for verification Algorithm 1, presented in Section 2, can be employed to abstract a dtMP as a finite-state MC/MDP, and to directly check it against properties such as probabilistic invariance or reach-avoid, that is over (quantitative, non-nested) bounded-until specifications in PCTL [10] . Next, we detail this procedure for the finite-horizon probabilistic invariance (a.k.a. safety) problem, which can be formalized as follows. Consider a bounded continuous set A ∈ B(S) representing the set of safe states. Compute the probability that an execution of S, associated with an initial condition s 0 ∈ S remains within set A during the finite time
The quantity p s0 (A) can be employed to characterise the satisfiability set of a corresponding bounded-until PCTL formula, namely
where S\A is the complement of A over S, true is a state formula valid everywhere on S, the inequality operator ∼ ∈ {>, ≥, <, ≤}, and represents its complement. FAUST 2 formally approximates the computation of p s0 (A), ∀s 0 ∈ S, as follows. S is abstracted as an MC P via Algorithm 1: the bounded safe set A is partitioned as A = ∪ p−1 i=1 A i ; representative points z i ∈ A i are selected and, along with an extra absorbing variable φ for S\A, make up the state space P; the transition probability matrix T p is obtained by marginalising the concrete kernel T s . Given the obtained discrete-time MC P = (P, T p ) and considering the finite safe set A p = {z 1 , . . . , z p−1 } ⊂ P, FAUST 2 internally computes the safety probability over P via dynamic programming [5] , along with the associated abstraction error which is now tailored over the PCTL formula of interest.
Implementation: The user may select option PCTL Safety in the list within box 1 , enter the boundaries of the Safe set within box 8 , and press button 6 to proceed obtaining the abstraction and computing the probability of the selected formula. The computed value of p s0 (A) is displayed in box Probability given s0 14 , for any user-selected initial state s 0 that is input in box Initial condition s0 14 . The user can optionally press button Properties of s0 14 to get more information about the concrete state s 0 , including the related discrete state z = ξ(Ξ(s)) of the MC, as well as the associated labels. Furthermore, the quantity p s0 (A) can be plotted, as a function of the initial state s 0 , by pressing buttons Plot grid and Color grid in 13 . Clearly these outputs are exclusively available for models of dimensions n = 1, 2, 3.
It is of interest to obtain tight bounds on the error associated to the abstraction procedure since, given a user-defined error threshold, tighter bounds would generate abstract models P with fewer states. The abstraction error bound in FAUST 2 , tailored around the discussed safety problem, can be efficiently decreased under different types of regularity assumptions on the conditional density function of the dtMP S [7] . For instance, in contrast to the global continuity assumption in (1), if t s is locally Lipschitz continuous as
(here sets A i form a partition of A, as from Algorithm 1) then the error is
where p p0 (A p ) is initialized at the discrete state p 0 = ξ(s 0 ) ∈ A p . Here δ i is the diameter of the set A i ⊂ A, and the constants γ i are given by
Since h(i, j) ≤ h s , the obtained error in (3) is smaller than the older quantity N h s δ s L (S). Notice that the structure of the error in (3) leads to gridding algorithms for abstraction that are adapted to the formula and can be made sequential [7] : FAUST 2 initialises the procedure with coarse partition sets (resulting in a small MC abstraction but with a large approximation error), and sequentially refines the partitions adaptively where the local errors are high (leading to an MC abstraction with increasing state space), until the global error becomes less than a user-defined threshold.
Implementation: FAUST 2 allows the user to select three different gridding procedures in box Gridding procedure 4 : the reader is referred to [7] for the details of these three options. The Uniform gridding option leads to a one-shot (non sequential) procedure, as already discussed in Section 2, whereas the two Adaptive gridding options result in sequential and adaptive procedures leading to better errors and to smaller abstractions, but in general requiring more computation time. The error bound quantification hinges on the constant in the right-hand side of (2), which can be computed differently as in box Assumptions on kernel 4 : tighter errors lead to longer computations [7] . In order to provide with full control on the chosen inputs, for any possible selection of gridding procedure, desired abstraction error, and error bound computation, the user is prompted in a pop-up window with an estimated running time, and asked whether to proceed.
This range of algorithms and procedures are also implemented for probabilistic reach-avoid (constrained reachability) problems, which are encompassed by general bounded-until PCTL formulas P ∼ {Φ U ≤N Ψ }. The user can select this option in box Problem selection 1 , and is asked to input sets Φ, Ψ as safe and target sets in the texts in box 8 .
Let us remark that the described abstraction algorithms and procedures are as well available for the formula-free abstraction discussed in Section 2.
The safety problem for a controlled dtMP [4] is here defined as finding the maximally safe deterministic Markov policy π * , such that p π * s0 (A) = sup π p π s0 (A), ∀s 0 ∈ A, where p π s0 (A) is the safety probability under given policy π = (µ 0 , µ 1 , · · · ), µ k : S → U. Similarly we can compute the minimally safe policy, or an optimal policy for the reach-avoid problem.
Implementation: FAUST 2 computes a suboptimal policy for a given problem over an MDP, with a given threshold on the distance to the optimal safety probability, and quantifies the corresponding approximate quantity p π * s0 (A). The approximate optimal policy can be stored by pushing button Save results 12 , which provides the user with two options: either storing it in the disk as a .mat file, or loading it to the workspace.
Extensions and outlook
FAUST 2 is presently implemented in MATLAB, which is the modelling software of choice in a number of engineering areas. We plan to improve part of its functionalities on a lower-level programming language. We plan to extend the functionality of FAUST 2 by allowing for general label-dependent partitioning, and we are exploring the implementation with otherwise-shaped partitioning sets [7] . We further plan to extend the applicability of FAUST 2 to models with discontinuous and degenerate [11, 12] kernels, to implement higher-order approximations [13] , and to embed formal truncations of the model dynamics [14] . Finally, we plan to look into developing bounds for infinite horizon properties. (4), as well as the symbolic structure of the conditional density function. The dynamical model in (4) can be as well extended to a two-room temperature control (which results in a threedimensional model), and its conditional density function can be found in file Chiller Kernel 3d.m. We will run FAUST 2 on both 2D and 3D setups.
We are interested in keeping the temperature of the room(s) within a given temperature interval over a fixed time horizon: this can be easily stated as a (probabilistic) safety problem, where we maximise over the feasible inputs to the model. We instantiate and compute this problem over the model above as described in the main text, while providing a step-by-step guide to the user.
In order to select the problem and import the model in FAUST 2 , please follow these steps: select PCTL Safety in box 1 , choose User-defined in box 2 , tick the check-box 3 to indicate a controlled model, and write the name Chiller Kernel 2d.m in the text of box 7 to load the density function of the two-dimensional model (4) .
In the next stage we perform the abstraction and compute the quantity of interest (maximal safety probability). Select the most straightforward (but coarsest) abstraction algorithm, by choosing options Uniform gridding and Lipschitz via integral in 4 . Proceed entering the problem parameters as follows: input the number of time steps as 3 and select a desired abstraction error equal to 0. At this point the software can proceed with the main computations. Please press the button in box 6 , in order to generate the abstract MDP, to compute the optimal policy and the related maximal safety probability. When the computation is complete, let us proceed with some post-processing: press the buttons Plot grid and Color grid in box 13 , to generate Figure 2 (left) representing the maximal safety probability. The result of the computation can be stored for further analysis by pressing button 12 : for instance Figure 2 (right) is generated by retrieving the optimal state-dependent Markov policy at step N − 1. Fig. 2 . Room temperature control problem. Left: obtained uniform partition of the safe set, along with optimal safety probability for each partition set (colour bar on the right). The safety probability is equal to zero over the complement of the safe set. Right: optimal Markov policy at step N − 1, as a function of the state.
A similar procedure can be followed to study the same probabilistic safety problem over a two-room temperature control, instantiated via the density function Chiller Kernel 3d.m. . We have selected a large abstraction error equal to 12 in box 5 to be able to visualize the adaptive grid generated by the software. The user can choose a smaller error at the cost of a larger computation time.
Summary of the commands in the Graphical User Interface, Figure 1 We provide a summary of the commands of the GUI in FAUST 2 , as they appear in the boxes highlighted in Figure 1. 1 The box Problem selection provides a list with three options: select Formula free to obtain an abstraction of the model which can be exported to PRISM or to MRMC for further analysis; choose PCTL Safety in order to abstract the model and compute a safety probability; or opt for PCTL Reach-Avoid to get the abstraction tailored around the computation of the reach-avoid probability. equations (cf. Section 1) and define matrices A,B,Sigma in the MATLAB workspace; choose Non-linear Gaussian model if the process noise is Gaussian and the drift and variance are non-linear (cf. Section 1), enter the drift and variance as a single symbolic function with two outputs via box 7 ; otherwise choose User-defined and enter your kernel as a symbolic function using 7 . 3 Check this box if the model is non-deterministic (controlled). 4 Box Gridding procedure provides three options: select Uniform gridding to generate a grid based on global Lipschitz constant h (cf. Section 2), where the state space is partitioned uniformly along each dimension; choose Adaptive gridding: local->local to generate the grid adaptively based on local Lipschitz constants h(i, j) (cf. Section 3), where the size of partition sets is smaller where the local error is higher; select Adaptive gridding: local->global to generate the grid adaptively based on local Lipschitz constants h(i) (cf. [7] ). The first option is likely to generate the largest number of partition sets and to be the fastest in the generation of the grid. The second option is likely to generate the smallest number of partition sets but to be the slowest in the grid generation. For the detailed comparison of these gridding procedures, please see [7] . The box Assumptions on kernel provides three choices: option Lipschitz via integral requires the density function t s (s|s) to be Lipschitz continuous with respect to the current state s, and the quantity T p (z, z ) = T s (Ξ(z )|z) is used in the marginalisation (integration) step; option Lipschitz via sample requires the density function t s (s|s) to be Lipschitz continuous with respect to both current and the next states s,s, and the quantity T p (z, z ) =
is used in the marginalisation step; option Max-Min does not require any continuity assumption, but takes longer time in the computation of the error. 5 The time horizon of the desired PCTL formula or of the problem of interest, and the required upper bound on the abstraction error should be input in these two boxes. For the case of formula-free abstraction you may enter 1 as the number of time steps. 6 Press this button after entering the necessary data to generate the abstraction: this runs the main code. First, various checks are done to ensure the correctness of the inputed data. Then the partition sets are generated via gridding, the transition matrix is calculated, and the probability and the optimal policy are computed if applicable. 7 This box is activated for options User-defined and Non-linear Gaussian model in 2 . For the first option, the conditional density function must be an mfile that generates t s (s|s, u) symbolically. Please refer to SymbolicKernel.m for a template and ExampleKernel.m for an example. The name of kernel function should be entered in the text-box or the function should be loaded by pressing the button Search for file. For the option Non-linear Gaussian model, the non-linear drift and variance must be specified as a single symbolic function with two outputs. Please refer to NonLinKernel.m for a template and NonLinKernelExample.m for an example. 8 If the Formula-free option is selected in 1 , the user can enter the bounds of the state space in the first of the boxes, named Domain. In case any of the additional two options in 1 are selected, the boundaries of the safe set should be entered in the first text-box named Safe set. If the PCTL ReachAvoid option in 1 is selected, the second box is activated and the boundaries of the target set should be entered in the text-box named Target set. If the model is non-deterministic and the check in box 3 is ticked, the third box is also activated and the boundaries of the Input space may be entered in the box named Input set. In all cases the boundaries are to be given as a matrix with two columns, where the first and second columns contain lower and upper bounds, respectively. Alternatively, the user can press the Select button and separately enter the lower and upper bounds in the pop-up window. 9 The resulting error of the abstraction procedure, which is less than or equal to the desired abstraction error introduced in 5 . This box shows the error associated to the abstracted model. 10 The user can add, remove, or edit labels associated to the abstract states.
The set of states with any label α ∈ Σ can be represented by the intersection of half-planes A α z ≤ B α . In order to tag these states with the associated label, the user presses button Add and subsequently enters symbol α and matrices A α , B α in a pop-up window. The user can also edit or remove any previously defined label by activating its symbol in the static-box and using buttons Edit, Remove. The button States with selected label will show the set of states associated with the active label in 13 . Adding labels is essential in particular for exporting the result to PRISM or to MRMC.
